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INTEGRABILITY OF THE BROUWER DEGREE FOR IRREGULAR 

ARGUMENTS 

HEINER OLBERMANN 


Abstract. We prove that the Brouwer degree deg(u, U, ■) for a function u € ; R") 

is in L^(R") if 1 < p < where U C R" is open and bounded and d is the box dimension 
of dU. This is supplemented by a theorem showing that Uj —>■ u in C®’“([/;R") implies 
deg{uj, U, ■) —>■ deg(w, U, •) in L^(R") for the parameter regime 1 < p < while there 
exist convergent sequences Uj ^ n in C'°’“([/;R") such that || deg(Mj, U, OIIap oo for 
the opposite regime p > ^. 


1. Introduction 


The Brouwer degree is a very useful object in nonlinear analysis, in particular in prob¬ 
lems with a geometric background. One notable example of its use is the (7^’“ isometric 
immersion problem (see ID), where the integrability properties of the degree are crucial. 
For a Lipschitz function «:[/—>■ M”, where U C M” is open and bounded, the integrability 
of the Brouwer degree is as good as one could hope, namely, there is the classical “change 
of variables”-type formula 


/ ip{u{x)) det Du{x)dx = / (p{z) deg{u,U, z)dz 

Ju 


( 1 ) 


for all ip € L^(]R"') (see e.g. m)- However, when the regularity of u is worse - only 
for some 0 < /3 < 1 - it is much less clear how to deal with integrals as the one on the 
right hand side above. To obtain information about such integrals, we will use the fact 
that deg{u,U,y)dy is an exact form (see e.g. [12]) and try to apply Stokes’ Theorem to 
write it as a boundary integral. This in turn needs some regularity of the boundary dU. 
Usually, one needs U to be a set of finite perimeter to be able to apply Stokes’ Theorem. 
In [T3|, it has been shown that if the integrand is smooth enough, then Stokes’ Theorem 
may also be applied to sets with rougher boundary. The first aim of the present paper 
is to adapt these ideas to the case of the Brouwer degree and show that deg(u, U, •) is 
integrable if u is smooth enough in terms of Holder regularity, and dU is smooth enough 
in terms of its box dimension. We will show that there is a trade-off between these two 
types of regularity. 

Theorem 1.1. Let 0 < a < 1 and n — 1 < d < n such that na > d, and let U C K” 
be open and bounded with dimbox dU = d. Furthermore , let u € C°’“(U;M^). Then 
deg(u, U, •) € LP(M”') for all 1 < p < and for all p G (1, ^), there exists a constant 
C = C{n, U, a, d, p) such that 


deg{u, U, ■] 


\lp < C'||'w||(d(),Q([/.]Rn) • 
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In fact, we will prove this theorem by giving a meaning to the left hand side in the change 
of variables formula dH), with the regularity of u, U as stated in the theorem. We will 
show how to make sense of the left hand side for u G M”) and ^ LP where p' is 

defined by requiring p~^ + {p')~^ = 1. The main idea is to represent ip{u{x)) det Du{x) as 
a sum of Jacobian determinants, interpreted in a weak sense. There are two crucial tools 
that will allow us to do so. First, we use multi-linear (real) interpolation for a suitable 
weak definition of the Jacobian determinant, see Lemma f3.ll The statement of this lemma 
can be viewed as a variant of Theorem 3 in the paper [5] by Brezis and Nguyen, which 
relies on an idea by Bourgain, Brezis and Mironescu laa]. Second, we use the following 
trick: Let ^p he a solution of divip = ip. Set W := (tti,... ,Ui-i,'ijjiOu,Ui+i,... ,Un)- Then 
we have 

det DW{x)dx =dtti(x) A • • • A dui-i{x) A d(V’i o u){x) A ■ ■ ■ A dun{x) 
=^i^jJi{u{x))dul{x) A • • • A dun{x) 

=di'tpi{u{x)) det Du{x)dx. 

Hence, we get 


n 

p{u{x)) det Du{x) = di'ilji{u{x)) det Du{x) 

(2) 

= '^dei DU\x), 

i=l 

which is the sought-for representation as a sum of Jacobian determinants. 

We have already noted that by the change of variables formula ([1]), the integrability of the 
Brouwer degree is closely related to the weakest space for which we can dehne the distribu¬ 
tional Jacobian determinant [Ju]. The question for the weakest space in which [Ju] can be 
defined has a long history, starting with the work of Morrev[23]. Reshetnyak |25] and Ball 
[T], and with important contributions by many researchers, see e.g. pOl 1^ [22l IT9l [6l 171 fT5] . 
and references therein. In the recent article [5], this question has been answered by the 
use of fractional Sobolev spaces. In this reference, [Ju] has been defined as an element 
of the dual of for u € This result contains most of the previously known 

ones, such as the dehnition of [Ju] for u € H L°° or n G see [T]. 

Paralleling the methods from [5], or using the results from [29j, one can dehne [Ju] as 
an element of (C®’")* for u G C®’" and a > n/{n + 1). Using this dehnition, formula 
m has a well dehned meaning for p € C^, since then (/? o u G (7*^’“. Note however that 
our treatment using the relation ([2]), which exploits the special structure of the test func¬ 
tion, gives meaning to dU for a much larger class of test functions. In particular, if we 
assume that U has Lipschitz boundary, then we will be able to give a well-dehned mean¬ 
ing to the left hand side in ([1]) for u G (7®’“ and p € with a/p > (n — l)/n (where 
P~^ + = 1); which coincides with the right hand side. 

The question whether there exist a-Holder functions whose mapping degree is not in 
for na < pd is not addressed here. Note however that for na < d, the image of the 
boundary u{dU) has in general non-vanishing Lebesgue measure, and hence deg(u, U,-) is 
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not defined on a set of positive measure (cf. Lemma l2.7p . 

As a supplement to Theorem ll.il we show that convergence in C^’°‘ implies convergence of 
the associated mapping degrees in if na > pd^ while for the opposite regime na < pd, 
there exist sequences that converge to 0 in whose mapping degrees diverge in L^. 

Theorem 1.2. Let 0<a<l,n — l<d<n, 1 < p < oo. 

(i) Ifp < U CW^ is open and bounded with dimboxC^t^ = d, and Uk G M") 

with Uk ^ u in then deg{uk,U, ■) —deg(u, 17, •) in LP{W^). 

(ii) Ifp > there exist an open bounded set U C M”' with dimbox^t/ = d, and a 

sequence Uk G with deg{uk,U, ■) G LP{ML), > 0 in C'°’"(17; M”) and 

II deg(nfc, U, OIIlp oo. 

We end this introduction by explaining the plan of the paper. In Section [21 we collect some 
known methods and theorems that we are going to need in our proofs. They concern (real) 
interpolation theory, self-similar fractals, the Brouwer degree, the Whitney decomposition 
of an open subset of M”, and the relation between the Whitney decomposition and the 
box dimension. In Section [3l we give the proof of our main result, Theorem ll.il Section 
m is devoted to the proof of Theorem 11.21 using several Lemmas whose proof is given in 
Section [5l 


Notation. The symbol for the non-negative integers is N = {0,1,... }. The open ball in 
M” with center x G M” and radius r > 0 will be denoted by B{x,r), while the open ball 
in with center x G and radius r will be denoted by B^~^{x,r). The standard 

n — 1 sphere is 8”“^ = {a; G M” : |x| = 1}. The canonical orthonormal basis of M” is 

denoted by (ei,..., e„). The characteristic function of a set A C M"" is denoted by XA- 
The n-dimensional Lebesgue measure is denoted by T”, and the fc-dimensional Haus- 
dorff measure by The volume of the unit ball in m dimensions is denoted by 

Wm = iVimjl -k 1). 

Whenever we want to say that two functions f,g that are defined T^-almost everywhere 
on M”, agree £”-almost everywhere, then we write f = g. 

For a Lipschitz function dehned on a set A C M”, its Lipschitz constant is Lip / = 

sup^ y^A,x^y l/(®) “ f{y)\/\x ~ y\- For sets A C M” and functions / : A ^ M, we set 


[/]co-“(A) 


sup 

x,y£A 

x^y 


\f{x)- f{y)\ 
\x - y|" 


If the domain is clear, we often will write [/]„ = [f]cO’^{A) short. The corresponding 
Holder norm is defined by 


ll/llco.“(A) = sup |/(a:)| -k [/]co.«(M) • 

xGA 

Let denote the set of rank p multi-vectors in M"", i.e., the linear space 


A^M” = ( ^ Oii,...,ij,dxq A • • • A dxi^ : G 
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With this notation, p-forms are functions on U with values in A^M”. We make 
a normed space by setting 

for a = A • • • A dxi^. 

The symbol C will have the following meaning: A statement such as / < C(a, b,.. .)g 
means that there exists a numerical constant C that only depends on a, 6,, such that 
f < Cg. The value of C may change from one line to the next. 

Acknowledgments. The author would like to thank Camillo De Lellis and Dominik 
Inauen for pointing out an error in the proof of Theorem 1.1 that had led to the wrong 
exponent on the right hand side in the estimate for the L^-norm of the degree. Also, he 
would like to thank Stefan Muller for helpful discussions, in particular for pointing him to 
the results on multi-linear interpolation in the reference m- 

2. Preliminaries 

2.1. Tools from interpolation theory. We are going to use some standard construc¬ 
tions from real interpolation theory, due to Lions and Peetre |171I18] (see also the textbook 
[2]). In the following, we give a very short definition of interpolation spaces via the trace 
method |16j . 

Let {Eq, II • llo), {El, II • 111) be normed spaces. We may equip Eq n Ei and Eq -|- Ei with 
the following norms: 

IkIbonEi =max{||x||o, ||x||i} 

IIxIIeo-tEi =inf{||xo||o + Ikilli : xq G Eq, xi G Ei, xq + xi = x} 

Definition 2.1. For 9 G (0,1) and 1 < p < oo we denote by V{p, 6, Ei, Eq) the set of all 
functions u G (M+, Lio -|- Ei) with the following properties: u{t) G Ei and u'{t) G Eq 
for all t > 0 , and with u^^ 0 {t) := t^u{t) and u'^ g{t) := t^u'{t), we have 

€ LP{R+,dt/t- El), < 0 G LP{R+,dt/t-, Eo). 

We define a norm on V = V{p,9, Ei, Eq) by 

||«||l/ := ||li*,6l||LP(R+,dlA;Ei) + ll'“*,6»llLP(R+,dt/t;Eo) ' 

It can be shown that those functions are continuous in t = 0 and we define the real 
interpolation spaces as follows: 

Definition 2.2. The real interpolation space {EQ,Ei)g^p is defined as set of traces of 
functions belonging to V{p,l — 9 ,Ei,Eq) at t = 0 together with the norm: 

Ikll^'p) = inf{|kl|y :uGV{p,1- 9,Ei,Eq), = x} 

It can be shown that the Holder spaces C'^’“([/) are identical to the real interpolation 
space {C^{U),C^{U))a CXI, up to equivalence of norms. 
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2.2. Self-similar fractals. We recall the construction of self-similar fractals introduced 
in m (see also [lO]). A similarity is a map S : M"' ^ M” such that |S'(x) — S'(y)| = c\x — y\ 
for all x,y £ M”, for some c > 0. The number c is called the ratio of S. For i = 1,... ,k, 
let Si be such a similarity, with ratios smaller than 1. A compact set K C M” is said to 
be invariant under S = {(Si,..., Sk} if 

K = utiSi{K). 

In fact, one can show that there exists a unique compact set, the attractor set of S, denoted 
by K{S), that fulfills this property. It consists of the closure of the hxed points of hnite 
compositions of the similarities. A set constructed in this way is called self-similar. 

For a given set of similarities S = {Si,Sk}, we dehne a transformation S on the class 
of non-empty compact sets by 

S{E) = ut,S,iE) (3) 

and write S^ for the Tth iterate of S. For ii,... ,ii G {1, ... ,k} and E C M”, we will use 
the notation 

S,,_i,{E) = Si,o...oSi,{E). 

With this notation, we have 


k 

S^{E)= U S,,_,,iE). 


A convenient way of defining certain self-similar sets in (i-e., self-similar curves) is by 
specifying a generator for the curve. This is a sequence of points 7 : {1,..., A: -|- 1} ^ 
with | 7 ( 1 )| < 1, | 7 (i) — 7 (i —1)1 < 1 for i = 2,..., The set of similarities associated to 
such a generator is given by {S'!,..., Sk}, where Si is the orientation preserving similarity 
that maps (0,0) to 7 (i) and (1,0) to 7 (i-|-l). A typical example of a self-similar set 
constructed from a generator is the Koch curve, see Figure [TJ A set of similarities S is 



Figure 1. The Koch curve (right) and its generator (left). 

said to satisfy the open set condition if there exists a non-empty open set V C M”’ such 
that 

Si{V) C V for i = 1,k 
Si(y) n Sj{V) = 0 for i,j = I,... ,k, i ^ j 
The following lemma has been proved in |14l [9] : 

Lemma 2.3 (Theorem 9.3 in [9]). Let S = {S'!, ... ,Sk} be a set of similarities satisfying 
the open set condition, and let ri he the ratio of Si for i = 1,... , k. Further, let d he the 
(unique) real number that satisfies 

k 

En—i. 

i=l 

Then the Hausdorff dimension and box dimension of K[S) agree and are equal to d. 
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2.3. Properties of the Brouwer degree. We recall the definition and some basic prop¬ 
erties of the Brouwer degree. For a more thorough exposition with proofs of the claims 
made here, see e.g. [12]. 

Let U he a bounded subset of M"". Further, let u G C°°{U;W^). Assume that y G 
M"" \ u{dU), and let yhe a C°° n-form on M” with support in the same connected compo¬ 
nent of \ u{dU) as y, such that y = 1. Then the degree is defined by 

deg{u,U,y) = [ u*{y), (4) 

Ju 

where u* is the pull-back by u. It can be shown that this definition is independent of the 
choice of /r. Further, deg(u, U, •) is constant on connected components of M”' \ u{dU) and 
integer valued. Moreover, it is invariant under homotopies, i.e., given H G C°°([0,1] x 
U;W^) such that y 0 H{[0, l],dU), we have 

deg{H{0,-),U,y) = deg{H{l,-),U,y). 

Using these facts, one can go on to define the degree for u G C^{U ;R”) by approximation. 
If u : f7 —>■ M” is Lipschitz, and C"'{dU) = 0, then it follows from ([3]) and approximation 
by smooth functions that 

[ deg{u,U,-)n= [ u*{n) (5) 

Jk'i Ju 

for any n-form y on M” with coefficients in If y, is an exact form, i.e., 

y = duj 

for some n — I form uj on M"', then 

n*(dw) = d {u*Lu) . 

If U has Lipschitz boundary, this implies, by Stokes’ Theorem, 



n, [/, •)dw 



f * 

/ U U! . 

JdU 


( 6 ) 


Assume y is a given n-form. Since we assume U to be bounded, we may always find some 
n — I-form cj such that du = y on suppdeg(n, U, •) C u{U), and hence (l6|) shows in par¬ 
ticular that the degree only depends on u\gif. We will write deg(n, U,y) = deg^{u,dU,y). 
In the proof of Theorem 11.21 (ii), we will use the following lemma: 


Lemma 2.4. Let U C M” be a bounded Lipschitz domain, and letu : U ^ M"" be Lipschitz. 
Further, let V C dU be relatively open in dU, and assume there exists yo G such that 
u{x) = yo for all x G dV (where dV denotes the relative boundary of V in dU). Define 
Ui : dU —>■ M”, z = 1, 2 by 


u{x) if X € V 
yo ifxedU\V' 


U2{x) 


yo if X eV 

u{x) if X £ dU \ V 


deg^{u, dU, y) = deg^(n2, dU \V,y) + deg^{ui, V, y) for all y G M” \ u{dLf). 
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Proof. We will show 

[ (ieg^{u,U,-)fi= f deg^{ui,U,-)fi+ f deg^{u2,U,-)fi 
Jr" Jr" Jr" 

for every n-form fx on M” with coefficients in L°°. Indeed, as we remarked below 
exists an n — 1-form ui such that fj, = duj on u{U), and hence 


there 


= u UJ 
'dU 


[ deg^{u,U,-)n= [ 

JR’^ Jdl 

= f uIl 

JdU 

= deg‘^{ui,U,-)p+ deg^{u2,U,-)n, 

Jr^ Jr” 


* I I * 

lU}+ U2OJ 

JdU 


proving the claim of the lemma. 


□ 


2.4. Whitney decomposition and box dimension. One of our main tools in the proof 
of Theorem o will be the Whitney decomposition of an open set U. 

Lemma 2.5 (see e.g. [26] . Chapter 1, Theorem 3). Let U C M” be open. Then there exists 
a countable collection W = {Qi : z G N} of cubes Qi with the following properties: 

• For every Q G W, there exist k,mi,... ,mn G Z such that Q = (mi2“^,(mi -|- 

1)2“^) X • • • X (mn + l)2“^). For fixed k, the union of cubes for which this 

holds for some mi,..., m„ is denoted by Wk- 

• U C Uq^wQ 

• The cubes in W are mutually disjoint 

• dist{Q,dU) < diamQ < 4dist(Q,dt/) for all Q 

Next, we recall the definition of box dimension, and some of its elementary properties. 

Definition 2.6. Let Lf C M"" be bounded. Let N^fU) be the number of n-dimensional boxes 
of side length r that is required to cover U. The box dimension dimbox U is defined as 

r ^OgNriU) 

dimbox (C) = Inn-^-, 

r^O — log r 

if this limit exists. 

We also define the /3-dimensional Hausdorff-type content for sets A C M”, 

H^{A) = lirn ^inf{A;r^ : uf=ii3(a:j, r) D . 

If dimbox A exists, then 

dimbox^ = inf{/3 : < 00 } , 

see e.g [9], Definition 3.1. 


In the following lemma, for sets A C M”, we will use the notation 

(A)^ = {x G M” : dist(x, ^) < e}. 

Lemma 2.7. Let V C M” be open and bounded, U CC V, n — 1 < dimbox <91/ = d < n, 
0 < a < 1 such that na > d, and u G Then 

CP {u{dLf)e) —>0 as e ^ d. 
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Proof. Set e = e" \ Choose a finite number of Xi G dU, i = 1,... ,k, such that 

k 

dU c[J B{xi,e) 

i=l 

B{xi,e/h) n-B(xj,e/5) =0 for i,j G {1,..., A:}, z / j . 

Such a collection {xi} exists by the Vitali Covering Lemma. Choose d < d < na. This 
choice implies H^{dU) = 0. By choosing e small enough, we may assume 

< 1 , 


Next observe that 


u{dU) C B (u(xj), ||u||c-o.c,e“) 
i=l 
k 

= IJ B {u{xi), \\u\\co,ce) . 


2=1 


We set C* = ||u||co.c. + 1 and get 


k 

{u{dU))^ c[jB{u{xi),C*e) . 
2=1 


Hence, 


{{u{dU))^) <A:£"(B(0, l))(C*e)” 

<C(u,n)(£“"-'^") 

—^0 as E —y 0. 


This proves the lemma. □ 

In the proof of Theorem 11.11 we are going to exploit the following relation between the 
Whitney decomposition and box dimension: 

Theorem 2.8 ([21], Theorem 3.12). Let K (Z MP he compact, with dimbox^Ai" = d < n. 
Let W be the Whitney decomposition o/M” \ K. Then limfc_).oo = d. 


3. Proof of Theorem 11.11 

Recall that C^{U ; denotes the space of continuously differentiable n — 1 forms on 

U. For the subspace of closed forms, we introduce the notation 

ClfU] := {(j G C^{U- : dw = 0} . 

Now we define two norms H-H^n-i, on the quotient space (7^(17; A"’“^M"’)/C'^[(C/; A"'“^M"'): 

:= inf{||a; + : a G C'^([/; A"'"^]^"'), da = 0} 

■ = l|dw||cO(i7;A>^Mn) 
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Let denote the Banach spaces that one obtains by completion with respect 

to the above norms respectively. 

Next we define a multi-linear operator 

1 ^ 

(rti,..., Un) e-)•— y { — dui A • • • A drtj A • • • A dun , 

n 

2=1 

where dui denotes omission of the factor dui. Note that 


dM {ui,... ,Un) = det Du dxi A ... dx„ = det Du dx . 

In the following lemma, let Xq denote the real interpolation space 

\r _ / \rn—l V"^—1^ 

^0 — [^0 )e,oo • 

Lemma 3.1. Let U C M” be bounded and open. For i = 1,... ,n, let ai ^ (0,1) such that 

6 := - (n - 1) > 0 . 

Additionally, let u = (ui,..., Un) G C^{U\ M”). Then 


||AL(ui,. . .,Un)\\Xg < C{n,ai,.. . , , 


(7) 


2=1 


Moreover, for 9 < 9, M extends to a multi-linear operator {U) x • • • x (7*^’“" {U) Xg. 


Notation: All constants (7 in the proof below may depend on n, ai,..., Ori without 
explicit statement. 

Proof. We use the representation of real interpolation spaces as trace spaces, see Definition 
12.11 In particular, we have (7°’“'(17) = {C^{U),C^{U))ai,oo, and hence we may choose 
Vi € (7'^(C/)) with Vi{t) G C^{U), v[{t) G C^{U) for alH > 0 such that 

\\t^ “'L'i(t)||L°°(R+;Cl(U)) <C'||Mi||cO,ai([/) , 

\\t^ “'^i(^)llL°°(R+;C0(U)) <C'||Wi||cO,ai([/) , 
and Ui = limt_).o Uj(t). Then we set 

w{t) = M{vi{t),... ,Vnit)) . 

By the multi-linearity of M, we have 

n 

<(7 {t^~°'\\Vi{t)\\cl(U)) 

2=1 

n 

2=1 


and 
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XI 


n 


n 

^(—A • • • A dvi{t) A • • • A dvn{t) 
i=l 


+ —A • • • A dvi{t) A • • • A dvj{t) A • • • A d?;n(t) 


\rn — 
^0 


n 

<^Ei(i-«i) ^ ||(—l)*+^z;'(t)d?;i(t) A • • • A duj(t) A • • • A d?;n(t) 

i=i " ^0 

( 8 ) 


where we have used that 

||ui(t)dui(t) A • • • A d'(;j(t) A • • • A duj(t) A • • • A dvn{t)\\x"-^ = 

||Uj(t)dui(t) A • • • A d'(;j(t) A • • ■ A dun(t)||j(-n-i , 

which in turn is a consequence of 

d(^Vi{t)dvi{t) A • • • A duj(t) A • • • A dvj{t) A • • • A dun(t)^ 

=d ^(—l)'^“'"®u'(t)dui(t) A • • • A dvi{t) A • • • A du„(t)^ . 

From dSI) we get 

n 

<CY. (<'■“'ll»:(<)llc»([/)) n (<'■“'ll-ilOllcMi;)) 

i=l j^i 

n 

n ii'“*iic“’“i(f/) ■ 

i=l 

Hence '«;(0) G (^owith ||u;(0)||xe < C'0* lki|lco.“i• The 
estimate dZD follows from u;(0) = M{ui,... ,Un)- 

To prove the statement about the extension, we choose /3j < a* with Y2 - j3i = n — \ + 9. 
Then we have 


\\M{ui,... ,Un)\\x^ < n (9) 

for u = (ui,..., Un) G M”). Now every u = {ui, ..., Un) G (7°’“! x • • • x (7°’“" can 

be approximated in (7*^’^^ x • • • x (7*^’^" by sequences of functions in (7^(C/; M”), and hence 
the existence of a unique extension follows from ([9]). □ 

3.1. Integrating distributional Jacobians over sets with fractal boundary. The 

purpose of the construction of the interpolation space Xg = (Xq has been 
to make its elements suitable for integration over fractals of dimension up to (but not 
including) n — 1 + 9. The corresponding definition will be given in the present subsection. 
This will be similar to the constructions in |13] . 
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In the following, let t/ C M" be fixed, with d := dimbox dU < n — 1 + 6. Let W be 
the Whitney decomposition of U, cf. Section 12.41 Since M G Xq, there exists M(-) G 
with M{t) G M\t) G Xq~^ for all t > 0 such that 

< ||M|U, for all t G M+ , 


and 


see Section [241 


Im ||M - M(t)||^n-i = 0, 


Definition 3.2. Assume that n —1 + 9 > d. For M G Xg let the integral J^dM be defined 
by 

f dM := f dM(diamQ)+ f (M — M(diamQ)), 

Ju Jq JdQ 


QeW 

7-1,00/TTO-L . \rn—l 


where M G (M+; Xq ) is chosen as above. 

Lemma 3.3. The above definition makes f^jdM well defined for M G Xg, and the map 


M ^ [ dM 

Ju 


is continuous on Xg with \ JjjdM\ < C{U)\\M\\xq. 

Proof. Let M(-) as above, and let Q G W. First we estimate 


f dM(diamQ) 

Jq 


<£’^(Q)||M(diamQ)|Un- 


<C^{Q){diamQf-^\\M\\x, 

To estimate Jqq{M — M(diamQ)), we first note that 


\\AI — M{dia.m.Q)\\^n-i < 


r*diam Q 


<c 


/ 


diam Q 


t^-^\\M\\x, 


Hence we get 


'dQ 


(M — M{diamQ)) 


<C{dmmQf\\M\\x, . 

<n^-\Q)\\M - M(diamQ)|U„-i 


<Cn^-yQ){dmmQf\\M\\xe- 

By Theorem 12.81 the number of cubes in W of sidelength 2~^ can be estimated by C'2^'^, 
where the constant C may depend on the domain U, and d = dhubox dU. In this way we 
obtain 


dM 


>u 


< Y, C^{Q){dmmQf-^M\\xe+Je-\Q){dlamQf\\M\\xe 

QdW 

km 
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By the assumption d < n — 1 + 9 the infinite sum converges absolutely. This proves 


[ dM 

Ju 


< C\\M\\x, 


and in particular it follows that dM does not depend on the choice of M, which makes 
the integral well defined. Also, the continuity of M i-A fjj dM as a map from Xg to M 
follows by linearity. □ 

We are ready to prove Theorem 11.11 In the proof below, all constants C may depend on 
n,a,p,d without explicit statement. 

Proof of Theorem M.R In this proof we assume p > 1, and define p' by requiring p~^ + 
{p')~^ = 1. Note that by assumption, we have p < n/(n — I) and hence p' > n. 

Using the representation of Holder spaces as trace spaces (cf. Definition 12.ip . we can choose 
Vi : M'*' —)■ C^{U), i G {1,... ,n}, such that 

\\t^ + 11^^ °'^i(^)llL°°(K+;C0(!7)) < C\\u\\cO,a{u) 

and limt_^o (i) = Ui in C^{U). 

We write v{t) = ... ,Vn{t)), and claim that 


limsup sup I f deg{v{t), U, y)<p{y)dy : (p £ (M"') fl (7° 


LP 




( 10 ) 


where the constant on the right hand side may depend on U. Prom the estimate (IlOp 
it follows that {deg{v{t),U, ■) : t < 1} is bounded and hence precompact in By 

v(t) ^ rt in C^, it follows the pointwise convergence deg(u(t), U, •) —>■ deg(u, U, •) on M” \ 
u{dU). By Lemma ITTI we have C^{u{dU)) = 0, and hence deg(u(t), C/, •) —^ deg(tt, U, •) 
almost everywhere. In combination with the compactness in it follows deg(u(t), C/, •) ^ 
deg(u, [/, •) in LP(MP). In particular, deg(tt, U, •) G LP with || deg(u, C/, •)||lp < CHuH^o^a- 
Since the support of deg{u,U,-) is bounded, we also have deg{u,U,-) G and the 

theorem is proved. It remains to show (Hop. 

Let (p G n C'“(R’") with \\p\\^p <1. Let C G be the solution of 

AC = p on M” , 

and define r/’ G (]R"';M”) by 

t/,(x) = DC{x) - DC(0). 

By standard estimates, we have < CHipH^p'. Hence by Morrey’s inequality, we 

have 

[U) — • 

Now since ^/’(O) = 0 we have for any w G 

/ \ 1—«/p' , 

sup o w{x)\ < [C’Jco.i-n/p' ( sup |t(;(x)| I < . 


x^U 


xeu 


Furthermore for x,y G U, we have 

Ilf o w(x) - jpo w(y)l <[T/’](^o,i-n/p' \w{x) - w{y)\^~'^/P' 


12 
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Let a := a(l — njp'). By the above, we have for all t > 0, 

U o v{t)\\co,&^u) <c'II‘^IIlp'II^WIIcC'(^) (11) 

where in the last estimate, we have assumed that t is small enough and used Lemma lA.21 
Next, for i = 1,..., n, we set Vi{t) = i/’i o v{t), and 

V^{t) := . . . ,Vj-i{t),Vj{t),Vj+i{t), ... ,Vn{t)) . 

For t > 0, we have 

/ ^iy)deg{v(t),U,y)dy = 
jR" 

Using the relation dM(U'^ (t)) = det ZlU-^ (t)dx, we get 

n n 

J]dM(U^(t))U =^detIlW(t)Udx 


(p{v(t){x)) det Dv(t){x)dx 




i=i 


:^dU/(t)UA---AdU^(t)|, 


j=i 

n 


= A • • • A dVnit)l 

j=i 

=ip{v{t){x)) det Dv{t){x)dx. 


( 12 ) 


Inserting this into (fT^ , we get 



ip{y) deg{v{t) 


, U, y)dy 


u 


i=i 


We set 


6 :=9 — d + n — 1 

= (1 — njp')a + (n — l)a — d 
na ^ 

P 


Note that by p < we have 6 > 0. Now we apply Lemmas 13.31 and 13.11 to obtain 


/ 


ip{y)deg{v{t),U,y)dy 


< 


y f dM(w 
, Ju 


it)) 


<cy iiM(u^'(t))iy 

3 

<C\\v{t)fJl^ 

<c\\urX 
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where we have also used Lemma lA.21 in the last estimate. This proves (IlOp and hence the 
theorem. □ 

Remark 3.4. By the method of proof we are using, we cannot get the estimate \\deg{u, U, 
C'll^^llpo.a; since this would require estimates on the solution of A( = ip with 

< 1; which of course do not hold in general. 

4. Proof of Theorem O 

4.1. Proof of Theorem 11.21 (i). The first part of the theorem is just a corollary to 
Theorem 11.11 

Proof of Theorem M.S\ (i). Let p < q < By Theorem ll.il we have 

\\deg{uk,U,-)\\L<i < C{n,a,q,d)\\u\\2jo,c , 

and hence deg{uk,U, ■) is weakly compact in L'^. In particular, \deg{uk,U, ■)\p is equi- 
integrable. To show the strong convergence deg(ufc, U, •) deg(tt, U, •) in L^, it is sufficient 
to show deg(ttfc, U, •) —deg(ti, U, •) in measure, i.e., for every 6 > 0, 

: \deg{uk,U,y) -deg{u,U,y)\ > 6}) ^ 0 as k ^ oo. 

Since the Brouwer degree is integer-valued, this is equivalent to 

{{y : deg(ufc, U, y) / deg{u, U, y)}) 0 as k ^ oo . (13) 

Indeed, let e > 0, and choose ko large enough that sup \ u — Uk\ < e/2 for k > k^. Then 

y 0 {tu{x) + (1 — t)uk{x) : t € [0,1], x € dU} for all y € M"" \ {u{dU))s , k > ko . 

By the homotopy invariance of the degree, this implies 

deg(ufc, U, y) = deg(u, U, y) for all y € M” \ {u{dU))e , k > ko . 

The claim (jl3l) now follows from Lemma 12.71 This proves (i). □ 

4.2. Proof of Theorem 11.21 (ii). The present section and Section [5] are devoted to the 
proof of Theorem 11.21 (ii). It consists of a rather explicit construction of an example. 

The basic idea is that one considers sequences Um of functions defined on a self-similar 
set of given box dimension d (which is the boundary of some open set U). As the index 
m increases, the functions Um use smaller and smaller scales of the self-similar set dU to 
develop “loops”. Each of these loops increases the degree, and has (locally) controlled 
d-Holder semi-norm, where d is slightly larger than a. Thus one constructs a sequence 
that converges to 0 in C^’°‘ for which the norm of the degree diverges. For the reader’s 
convenience, we first outline the strategy of proof in a little more detail. 

1. In Lemma O and sa we construct the self-similar set dU and the pre-fractals 
dU^, that will be helpful for the definition of the loops at scale m. To lift maps 
defined on dlf^ to dU, we define certain projection maps (see Lemma l4.4p . 

2. Then we define “single loops” fLemma l4.5p . These are defined on (n—l)-dimensional 
boxes of sidelength one. Also, we find collections of disjoint (n — l)-dimensional 
boxes on dU"^ of sidelength r"* fLemma 14.8p . We work with Euclidean motions 
and rescalings to lift the “single loop” to each of these boxes, such that the result¬ 
ing map will have controlled d-Holder semi-norm (see Definition 14.61 and Notation 
BJl), where d. is slightly larger that a. 
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3. We then use the compact embedding between Holder spaces to show that these 
functions converge to 0 in while we may use Lemma 12.41 to show that the 

associated Brouwer degrees diverge in L^. 

From now on, we assume a to be fixed such that 

a < a < — . (14) 

We collect some useful notation. Firstly, we set 
L ={(x,0) G : X G [0,1]} , 

D ={{x, y)GM^:0<x<l, 0<y< min(x, 1 — x)} . 

Lemma 4.1. Let 1 < d < 2. Then there exist r > 0, G N, and for each i G {1,..., A^} 
a similarity Si ^ such that the following properties are fulfilled: 

(i) n^{Si{L)) = r for i = 1,... ,N. 

(ii) The union U^iSi{L) is the image of a continuous curve with start point (0,0) and 
end point (1,0). 

(hi) Nr^ = 1. 

(iv) For i,j G {1,..., A^}, we have 

S^{D)CD, 

Si{D) n Sj{D) = ij} ifi^j, 

5i(D) n 5j(L>) = 0 if\i-j\>l. 

(v) r < I and 2r^~°‘ < 1. 

The proof can be found in Section O 

For the rest of this section, let d, n be fixed with n — 1 < d < n. Further, let d = d — (n —2) 
and fix N, r and a set of similarities S = {5i,..., Sn} as in Lemma l4.ll In the following, 
we are going to use the notation introduced in Section [2.21 

We now define four (orientation preserving) Euclidean motions Sf,..., ^ 

by their actions on (0,0) and (1,0), 


5[(0,0) = 

(0,1) 

5i*(l,0) = 

(1,1) 

5|(0,0) = 

(1,1) 

^2(1,0) = 

(1,0) 

53 *( 0 , 0 ) = 

(1,0) 

5|(1,0) = 

(0,0) 

5|(0,0) = 

(0,0) 

5|(1,0) = 

(0,1) 


Next, for fo G {1, • • • ,4} and ii,... ,im G {1,..., A^}, we introduce the notation 

= SI o Si^ o ■ ■ ■ o Si^ . 

Definition 4.2. For m G N, let C be the bounded open set with boundary 


dU'^ := IJ SIS^{L) 


io=l 




ioG{l,...,4} 

u,...4me{i,...,Af} 

15 
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Further, let C7 C he the bounded open set with boundary 

4 

dtj=[jSlK{S), (16) 

*0 = 1 

where K{S) is the attractor set of S, cf. Section \2.^ For m G N, we define = 
IF^ X (0,1)"'“^ and moreover, U = U x {0, 1)”“^. 

For a sketch of dU^, dU^ and dU'^ (with n = 2, N = 5) see Figure [2j 



Figure 2. The pre-fractals dU^, dU^ and dU^ (with n = 2, N = 5). 


Remark 4.3. The sets and U are well defined, since the right hand sides in GSl), 
(USD are closed curves by Lemma \4.1\ (ii) and the definition of the Euclidean motions 
S*, i = Also note that by Lemma [7^7] (in) and (iv) and Lemma\2f^ we have 

dinibox dU = d. 

We will need certain “projection maps” to pull back maps defined on the pre-fractals 
to the fractal dU: 

Lemma 4.4. For every m G N, there exist Lipschitz maps ■ 17™'+^ \ 17™' —)■ dU^ 

and P™ : Lf —>■ t/™ with the following properties: 

• Lip(P-+J < 1, Lip(P» ^) < 1. 

• If z = {z',z") G [7™+! with P G z" G then PfO^^{z) = {z,z") for some 

z GM?. 

Again, the proof is postponed to Section [5i 

In the statement of the next lemma, we set B := 1) x {0}, and by slight abuse 

of notation, we write dB := 1)) x {0}. 

Lemma 4.5. There exists a Lipschitz map ( : B ^ M” (whose Lipschitz constant only 
depends on n) with the following properties: 

(i) C{B) C and ({x) = —Cn for all x G dB. 

(ii) If W G M” is open and bounded with Lipschitz boundary such that 

B cdW 
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and the outer normal to W on B is then : dW M” defined by 


^ K(3;) ifxeB 
else 


€n 


satisfies 

deg^{C^^\dW,y) = 

Again, the proof is postponed to Section [S] 


1 i/yG 5(0,1) 
0 else. 


Definition 4.6. Let p > 0 and let W C M"" be an open bounded Lipschitz set with Bp := 
B^~^{0,p) X {0} C dW, such that the outer normal of W on Bp is Cn- Then we define a 
Lipschitz map (p^^ : dW M"' by 

AW)(^^^ip'"C{x/p) ifxeBp 
^ I else, 


where C has been defined in Lemma 4-5 


See Figure [3] for a sketch of From now on, we are going to drop the superscript {W) 

for ease of notation, and write = Cp- 


n—1 



Cp 



Cp(B 


n— 1 ' 


dW 

Figure 3. A sketch of the construction from Dehnition 14.61 In the figure, 
Qu-i = B^-^{d,p/2) X {0}. 


Remark 4.7. (i) As a consequence of Lemma \4.5\ (i) and (ii), (p is indeed a well 

defined Lipschitz map with 

Lip Cp < C{n)p'^~^. 

(ii) By Lemma [73| (ii), we have 

1 i/yG5(0,p“) 


deg {(p,dW,y) = 


0 else. 


In the next lemma, by an “(n — l)-dimensional box”, we mean the image of [—p, p]^ ^ x {0} 
under some Euclidean motion, for some p > 0. 

17 
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Lemma 4.8. For every m € N, there exists a finite eollection Q™' of (n — 1)-dimensional 
boxes of sidelength r"*, sueh that, writing 

#Q^ 

Q^= \J QT, 

i=l 

the following holds: 

(i) For every i G {1,... , we have Q™ C x [0, with C/”* as in 

Definition \4-i^ 

(ii) If i,j € {1,... , #Q™}, i / j, then Qf" n QJ^ = 0. If additionally Q™ fl = 0, 
then dist(g™,Q™) > 

(iii) lim^^oo = 1. 

Again, the proof is postponed to Section [5l 

Notation 4.9. For m G N and x G dU^, let v'^{x) denote the outward normal to dU'^ 
at X, if it exists. Let A/"”* C dU^ denote the set of points for which iy'^{x) does not exist. 
For i G let denote a Euclidean motion that satisfies 

Er{{-r^l2,r^l2)^-^ x {0}) =Qf^ 

ET{en) =Ef\Q) + n^{ETm. 

and let Bf^ he the {n — l)-hall of radius r™'/2 at the center of Qff', i.e., 

:= Er{B^-\0,r^/2) x {0}). 

We are now ready to prove the second part of Theorem 11.21 


Proof of Theorem Al.^ (ii). Let U,U'^ C M” be as in Definition 14.21 for m G N. For 
X G dU"^, we set 

jCrm/2{{Er)-Hx)) ifxGi?r 

^m{x) I if X G du^ \ {yftr BT) , 

where we used the notation introduced in Definition [TU] and Notation l4.9l We immediately 
see that Vm is Lipschitz with 

sup |x^| < Cr"”". (17) 

x^dU 

Now let a < a' < a. By (IIZD, we have 

sup I Urn I < (18) 

x€dU 

with Em ■= Next, for \x — y\ > r™, we have 

\Vm{x) - Vm{y)\ < < 2£m\x - y|“' . (19) 

From Remark 1121 (i), we have Lip {vm) < Cr'^^°‘ Hence, for |x — y| < r”^, we have 

\Vm{x) - Vm{y)\ < C\x - < CEm\x - yj"' . (20) 

By (fTHjl . (fT9ll and (120]) . we have 

||Um 


< CEm —^ 0 as 771 —>■ OO . 
18 
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We come to the computation of deg^(um, •)■ To do so, we introduce some additional 
notation. For m G N, We set 

= fi(0, (r™/2)") 

and for i = 1,... , we define Ci™ : dU"^ —>■ M” by 




We note that by Remark 14.71 (ii), we have 


deg^(Cr,<9C/™,x) = 


1 if X G B*’’^ 


0 else 
=Xb*’"* • 

By repeated application of Lemma l‘2.41 with V := Bf^ for f G {1,... , ^Q™}, 

# 2 "* 

degK,17-,-) = ^ deg«(Cr,9C/"*,-) 

i=l 

=#Q^xb*, 

Hence, 

||deg(u^,f/-,-)|lip = u;4r-/2r . 

Using Lemma 14.81 (iii) and the relation between r and N from Lemma l4.ll (hi), we have 
lim ||deg(u^,U”",-)||LP = lim N^r-^n- 2 )m^ljp^^m 

m—>-cx) m^oo 

> lim C(n,p,d)r”^(-'^+“"/P) 

m—fcxD 
= + OO . 

We define Um '■ dU —> M” by 

Um{x) = Vm{P'"\x)) , 

and extend Um from dU to U by Theorem lA. 11 such that 

ll'^m ||f 70 ,c«' C\\Xm Pm\\(jO,a'C^m ^0. 

By the compact embedding (U) C^’°{U), 

Um^O in . 

Furthermore, note that 

deg^(um, dU, •) = deg^(um, 917"*, •) for all m G N 

and hence \\deg^{um,dU, OIIlp —>■ oo. This proves the theorem. 

19 
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5. Proof of Lemmas used in Section H] 

Proof of LeTnma \4.1\ We first construct an auxiliary sequence of points in depending 
on two parameters (3 G (0,7r/2] and M € N \ {0}. From this sequence of points, we will 
construct a generator for a self-similar fractal later in the proof. 

First, let 

Cup :=(sin/3,cos^) 

4own :=(sin/3,-cos/3) 

■■=(!, 0). 

For m € N, m > 0, we define A^,/? : {1, • • •, 4m} —?> by 

if I G {1, 2m -|- 1} 

if 1 < ^ < 2m -|- 1 . (22) 

if 2m + 1 < / < 4m 

The curve one obtains by connecting successively for Z = 0,..., 4m is depicted 

in Figured! Note that this curve has length 4m. Our next aim is to concatenate several 
curves as in Figure dl letting m increase from 1 to some maximal value M, and then let 
it decrease to 1 again. For M e N, M > 0, we set 


Am,/3(0 — ^ 


'^right 

t-up 

^down 



(0,0) (2 +10sin;9,0) 


Figure 4. The curve constructed from I i-A Yl\=i ^m,i3{i) for m = 3. 


q(m) 2,..., M - 1, M, M - 1,..., 2,1) 

for/ = 0,...,2M-1. 
i=i 

Then for i = 1,..., 4M^, there exists a unique G {1,..., 2M — 1} such that 

Cl <'s C’ ■ 

We set 

Furthermore, we set km,/3(4M^ + 1) = 4ighv for } = 0,..., 4M^ + 1, we set 

j 

■= ^ Km,/3(*) • 
i=l 
20 


1 





INTEGRABILITY OF THE BROUWER DEGREE FOR IRREGULAR ARGUMENTS 


The curve one obtains by connecting successively Km./jO) for j = 0,..., 4M^+1 is depicted 
in Figure [5j We may compute 



( 0 . 0 ) 


(ll + 26sm/J,0) 


Figure 5. The curve constructed from 


M 4m 


2M-1 4(2M-m) 

ei • Km./3(4M2 + 1) = EE E E 

m=M+l 2=1 


m=l 2=1 


/M-1 \ 

=2 I ^ ((4m — 2) sin (5 + 2)\ + (4M — 2) sin /? + 3 

Vm=l / 


(23) 


=(4M(M - 1) + 2) sin/3 + 4M - 1. 


Now set 


N{M) :=4M2 + 1 
r(M,/3) :=(ei-KM,/3(4M2 + l)) 


= ((4M(M - 1) + 2) sin /3 + 4M - 1)"^ 

~ _ log3V(M) 

■ logf(M,/3)‘ 

We claim that it is possible to choose Mq € N such that 


d <d{Mo, 0), 

(4‘M„ - l)-‘ <i , 

2(4Mo - 1)“"^ <1. 

Indeed, we have r(M, 0) = (4M — 1)“^ and hence 


(24) 


(25) 


d{M, 0) 


log(4M2 + 1) 

log(4M — 1) 


(26) 


In particular, note that 

d{M, 0) ^ 2 as M —>■ oo . 

This proves that we may choose Mq such that the first inequality in (|25p is fulfilled. After 
possibly increasing Mq, the second and third hold true too. 
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Since r(Mo, •) is continuous monotone decreasing on [0,7r/2], the function d{MQ, •) is con¬ 
tinuous monotone decreasing on [0,7r/2] too. Additionally, we have d(Mo,7r/2) = 1. 
Hence, there exists /3o G (0,7r/2) such that 

d = d(Mo,/3o). 

Now set 

r :=f(Mo,/3o), N := N{Mo). 

We use the following notation; To two points x / y G M^, we associate the (unique) 
orientation preserving Euclidean motion Sx,y : —>■ that maps (0,0) to x and (1,0) 

to y. 

For i = 0,..., N write p{i) := and set 

It remains to verify that r, N and <S = {S'i,...,S'Ar} satisfy the required properties. 
Property (i) follows from p{i) — p{i — 1) G {^CrightTCup, ^^down) for i = l,...,iV , and 

l^rightl = l^upl = ICdLnl = 1. Property (ii) simply follows from 51(0,0) = 0, 5^(1,0) = 
5i+i(0,0) for i = 1,...,A^ — 1 and Sn{1,0) = (1,0). Property (hi) follows from the 
definition of d{M, f3) in the last line of d = d{MQ, /3o), N = N{Mq) and r = f(Mo, /3o). 
Property (iv) is obvious from an inspection of Figure [6l where the union of all Si{D), 
i = 1,... ,N is depicted. Property (v) follows from the second and third line in (I25p . and 



Figure 6 . Si{D) C D fox i = 1,... ,N, Si{D) D Sj{D) = 0 for z 7 ^ j, and 
Si{D) n Sj{D) = 0 for |z — j| > 1. In the picture above, N = 37. 

r = f{Mo,ldQ) < (4Mo — 1)~^. This concludes the proof of the lemma. □ 

Proof of Lemma \4.4\ We are going to assume that n = 2 and construct the maps P^j^i 
and P™" for this case only. The general case follows easily by setting 

P^+i(x) {XI,X2),X^, ...), 

p-(x) ={P^^^^\xi,X2\x^,...)^ 
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where denote the maps constructed for n = 2 below. 

Let A C D he the bounded closed simply connected set whose boundary contains the 
union of the curves L and S{L), see Figure [71 I.e., the set A satishes 


2^ 





2 ^ 


Figure 7. The closed set A, whose boundary contains L and S{L) (with 
N = 37). 


pi \ C/O = IJ S*A . 


2 = 1 

For X = {xi,X 2 ) € A, let P be the projection A ^ L, x (xi,0). Obviously, P is 
Lipschitz with Lipschitz constant < 1. 

For m € N, y G jj^+i jjm^ there exist io G {1,...,4}, p,... ,im G {1,..., A^}, and x € A 
such that 


We set 

We claim that 




(27) 


TT+i \U^ ^ is well defined, 

LipP-+i<l. 

Indeed, if there exist zq, Iq G {!,..., 4}, zi,..., ■ ■ ■ Am ^ {1; • • • j x,x' € A 

with y = then either ij = i'- for j = 0,... ,m and x = x' ov 

y G dU^ and x,x' G L, in which case P{x) = x, P{x') = x' and hence ,,,^j^P(x) = 
'S'if||i'^,...,i;^F(x'). This proves the first part of ([271) . the second part follows from LipP < 1. 

For / > m > 0, let P™ : U’- dU^ be defined by 


i-i 


pm _ pm „ . . . „ pi 

It is easily seen from this dehnition and (1271) that Lip P™ < 1. 

We come to the dehnition of P*" : U —>■ P™- for rrz G N. We set A^ := P"*+i \ P"* and 
note 

P c P™ u ( 0 . 

\k=m / 

For k > m and x G we let P”^(x) = P^{x). Note that this makes P"^\u well dehned 
with 

UpP^\u<l, (28) 

since for k ^ k' with x G 0 A’^' , we have PJ^ (x) = P™ (x). 

Now let X G dU. There exist zq G {1,... ,4} and a (possibly non-unique) sequence ik G 
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{1,..., A^}, A; = 1, 2,... , such that x € for every A: € N (cf. [9], Chapter 9). 

Note that for k' > k > m, 

c PJT . 

Thus there exists a unique x' € S*^L (that does not depend on the choice of the sequence 
ik) such that 

OO 

x'g n 

fc=m+l 

We set P^{x) = x'. 

It remains to show that P"^ is Lipschitz on U with LipP”^ < 1. By (|28l) . it is sufficient 
to show continuity on U. Assume we are given Xj, j € N, with xj G P, xj ^ x G dU. We 
need to show P^{xj) —>■ P^{x). Indeed, we will show that for every subsequence, there 
exists a further subsequence such that convergence holds. For any subsequence, there has 
to exist a further subsequence Xj (no relabeling), a sequence " £ {Ij • • • j -^}) a 

monotonous increasing function P : N —>■ N with limj_).oo K{j) = cxd such that 


^3 ^ ■ 

In this case, we must have 

OO 

k=l 

and hence 

OO 

k=m-\-l 

By (I2U|1 and PU]) . we get P^{xj) P"*(x). This proves the lemma. 


(29) 


(30) 

□ 


Proof of Lemma \4P^ For x = (xi, X2,..., Xn_i, 0) G B, we will identify x with (xi, ..., x„_i), 
and we write x = x/|x|. We define ( by 


C(x) = (xsin7r|x|,cos7r|x|) . 


For x G B, we compute 


sinvr X 


D({x) = (ei (8> ei + • • • + e„_i (8> e„_i) —j—j—^ + x (8> x tt cos 7r|x| — 


SlUTT X 


(31) 


— TT sm7r|x| Cn & X . 


From this formula, we see that () is indeed Lipschitz. All other properties claimed in (i) 
are verified easily. 

For the proof of (ii), first note that : dW —is a well defined Lipschitz map. 
Furthermore, {y) = 1 for all y G \ {—e„}. This implies that there exists 

k G { — 1, +1} such that 

k for all y G P(0,1) 

0 for all y G M" \ P(0,1). ^ ^ 
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Next, we construclQ a Lipschitz map X : W ^ M” such that 

A = C on dW, dnX(x) = for all x £ Q. 

Such a A exists by (a suitable version of) the Whitney Extension Theorem (see, e.g., 
Theorem 3.6.2 in [28]). We are going to compute explicitly the sign of 

[ deg^(C^^\5W,-)d/:" = [ deg(A, W, Od/:" , 


to decide which value for k holds true in (|3^ . In order to do so, we introduce the following 
piece of notation. Let 

^ ^ fo if / {!,...,n} 

|sgn ((!,..., n) i-A (ii,...,i„)) else. 

In the second line on the right hand side above, sgn ((I,..., n) i-A (ii,..., in)) denotes the 
signature of the permutation (1,... ,n) i-A (ii,... ,i„). With this notation, we have for 

X eW, 


detD\{x)= eii...i,(5a;i^Ai)... (9„.^A„) 

i\ ,...,271=1 


n 

(^£il...i„idxij^Xi) . . . {dxi^_^Xn-l)Xn^ 


i\ — 1 
n 

= '■ 

in = 1 

= div/. 

Using the formula ([5|) for the computation of the degree, and the Gauss-Green Theorem, 
we get 


f deg(A, IT, •)d£"'= f detiAA(a:)dx 
JK" Jw 


■L 

L 


uw ■ /dW 


n—1 


n—1 


= I Bn- fdn 

B 

where we denoted the outward normal to W by vw, and used the fact that / vanishes 
almost everywhere on dW \ B. For x £ B, we have 

n 

fn{x) = ^ ^ £ii...i„-inXl^ii{x) . . . Xn—l^i„_i{x)Xn{x) 

ili“ ‘lin — l — 1 

= cos 7r|x| det D{x i-)- x sin7r|x|) 

n—2 


=7rCOS TT X 


SmTT X 


^The construction of A is not necessary if we use the relation m - we do not do so here for the sake of 
clarity. 
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where the value of (sin7r|x|)/|x| at 0 is understood to be vr. It follows that 

and hence it follows from (1321) that0 

deg^(C^^\<9hh,-) = Xb(o,i) • 

This proves the lemma. 


□ 


Proof of Lemma \4P^ For m G N, choose /cm G N such that 

k-^ > r™ > {k^ + l)-i. 


This choice implies 


km^"^ —>-1 as m —>■ oo . (33) 

Further, let Qf^ denote the set of cubes in of side length r”* and vertices in ([0,1] D (Nr™'))”' 

Q™ :={(jir”^, Ui + lyn X • • • X (i„_ 2 r™, (i „_2 + l)r™) : 

0 < < fern - 1 for / = 1,..., n - 2} 

Now let L' = (0,1) X {0}, recall the definition of the similarities from Section 

12.21 and set 


:={5io|n,....^(^0xQ: ioG 4}, 


Property (i) follows directly from the definition of dU'^ (see Definition 14. 2p and Q™. The 
first part of property (ii) is also obvious; we show the second part. Assume Qi,Q 2 G 
Q™, Qi = S’ig|i^,...,i^(L') X Qi, Q 2 = X Q 2 , with io,jo ^{1,^,4}, 

fi, ... ■ ■ ■ ,jm G {1, ■ ■ ■ ,N}, and Qi, Q 2 G We must have either n (52 = 0 

or 5'j(j|j^^, ,_j^(L) n = 0. In the hrst case, dist((5i, ( 52 ) > and hence also 

dist(( 5 i, ( 52 ) > In the second case, dist(S'j(,|j^^,,,_j^(L), j^(L)) > r™ and hence 

also dist((5i,( 52 ) > ?'”*• 

Next, note that by construction, = {ifQ^)N'^ = (A:m)^”~^^A^™' and hence property 

(iii) follows from (f33]l . 

□ 


Appendix A. Properties of Holder functions 


The following lemma is based on the construction from the well known Whitney extension 
Theorem. The proof is mainly a repetition of the proof of Theorem 2.1 in m- However, 
we could not find a full proof of the claim we need in the literature, which is why we give 
it here. 


Lemma A.l. Let K C M” be compact, 0 < a < 1, and f G C^’‘^{K). 
f : M” —>■ M such that 

ll/llco-“(R") ^ C'(n,a)||/||co-“(R')) 


and fix = /. 


Then there exists 


^Of course, instead of arguing that k G { — 1, +1} in (1321) as we did above that equation, the value of k 
could also have been deduced by explicit calculation of fg Cn ■ 
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Proof. Let W be the Whitney decomposition of M” \ K, see Lemma 12.51 For Qi G W, 
denote the sidelength of Qi by \Qi\, and its center by Xj. For each i G N, fix pj G iF such 
that dist(Qi,pi) = dist((5i,iF), and let Qi be the cube with center Xi and \Qi\ = ||Qi|. 
Fix T] G with 0 < r] < 1, r] = 1 on [—1,1]"", 77 = 0 on R"'\ [—3/2,3/2] and \Dr]\ < 4. 

Set 


r]i{x) :=rj ^ 

Pi{x) :=^ 


^ X - Xi \ 

V 1*3*1 / 
m{x) 


Note that is a partition of unity of R"' \ K subordinate to W := {Qi : i G N}. We 

define the extension / by 


fix) 


EiGN Piix)fiPi) for X G R” \ LF 
/(x) for X G iF . 


From this definition, we immediately get 


sup I/I < ||/||cO(R") • 


(34) 


Obviously, on R” \ iF, / is a smooth function, and there exists a number N = N{n) such 
that for each x G R"" \ iF, there exist at most N pairwise disjoint Qi £ W such that 
ipi{x) / 0. 

Fix X G R" \ iF. Let Ai(x) C N denote the index set defined by (^i(x) / 0 for i G A/’(x), 
and let fo S M{x). We compute 


\Dfix)\ = 


^ Dipi{x)f{pi 


D^pi{x){f{pi) - f{piQ) 

iGM{x)\{io} 

[f]<y\Pi - Piof 


(35) 


<C{n) Y, 


■aKn \ dist(Qi,iF) 
<C'(n)[/]„ dist(x, iF)““^ . 


With these preparations, we are ready to prove an estimate on [f]a- Let x,y € R”, and 
let x',y' e R"' with 


|x — x^l = dist(x, iF), \y — y'\ = dist( 7 /, iF). 

Note that this choice implies that for every point z on the line segment [x,x'], we have 
\Df{z)\ < C[f]a\z — x'\‘^~^ by (f35]i . and an analogous statement for the line segment [y, y']. 
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Hence 


\fix) 



dt 



dt 


In the same way, we obtain \f{y) — f{y')\ < C[f]a\y — y^|“. 

Now assume that \x — x'\ + |y — y'\ < 4|x — y\. Then 

\f{x) - f{y)\ <\f{x) - f{x')\ + I/V) - hy')\ + \hy') - Ky)\ 

<C'(n,a)[/]a(|x - x'|“ + \y- yT + \x' - y'|“) 
<C{n,a)[f]a\x - y|" . 


On the other hand, if |a: — x'\ + \y — y'\ > 4|x — y|, then we may assume jx — x'\ > 2\x — y\ 
and hence the line segment [x,y] is contained in M"' \ K, and for each point z € [x,y\, we 
have \Df{z)\ < Of/Jclx — Then we get 


\hx)-f{y)\ = 



dt 


r\x-y\ 

< C{n)[f]a\x-y\‘^~^ 

Jo 

<C{n,a)[f]a\x - y|" . 


dt 


This proves [f]a < C{n, a)[f]a, and together with HMD , this proves the claim of the present 
lemma. □ 


The following lemma is a well known fact from real interpolation theory; we include it for 
the non-specialist reader. 


Lemma A.2. Let U C M” be open and bounded, u G and v : M"'' —>■ C^{U) with 

v'{t) G C^{U) for all t > 0 such that 

• lim 4 _ 5 .onj(t) = Ui in C^{U) . 

Then 

h{t)\\co<<^{U) < C'll“llco.“(f/) fort<l. 


Proof. We first observe for x G M"", and t < 1, 


|n(t)(x)| < 


':) + f n'(s)(x)di 

Jo 

^ll^llcO(C/) + / 

Jo 

<C'||u||co.Qi(f/). 
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Now let x,y (z M” with x ^ y. First assume |x — y| < t. Then 

\v{t){x) - v{t){y)\ <\x - y\ sup \Dv{t)\ < C\\u\\co,c.^u)\x - 
<C'||u||co.c([7)|x-y|“. 

On the other hand, if \x — y\ > t, then 

\v{t){x) - v{t){y)\ <\v{t){x) - u{x)\ + \u{x) - u{y)\ + \u{y) - v{t){y)\ 
<C\\u\\co.c(^U) (2t“ + \x- ?/|") 

<C'||u||co,c«(f/)|x-?/|". 

This proves [u(t)]Q, < C\\u\\(jQ,a(jj^ and hence the claim of the lemma. □ 
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